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Abstract

The TOKEN JUMPING and SLIDING TOKEN problems are fundamental reconfiguration
problems defined on the independent sets of an undirected graph. Given two indepen-
dent sets I and J, each of size k, these problems ask whether there exists a sequence of
elementary operations transforming [ into J such that every intermediate configuration
is also an independent set of size k. Suppose a token is placed on each vertex of I: in
SLIDING TOKEN, an operation moves a token from a vertex u € I to an adjacent vertex
v ¢ I; in TOKEN JUMPING, the token may instead move to any vertex v ¢ I. While
both problems are PSPACE-complete on general graphs, polynomial-time algorithms for
one or both variants have been developed for several graph classes, including trees, block
graphs, bipartite permutation graphs, cographs, P,-tidy graphs, and interval graphs.

In this paper, we prove that both problems are solvable in polynomial time on
threshold signed graphs, also known as Dilworth-2 graphs. These are precisely the
graphs whose vertex sets can be partitioned into at most two chains under the dom-
ination preorder u < v defined by N(u) C N[v]. Our approach exploits this chain
structure. For TOKEN JUMPING, it extends to an arbitrary number of chains: we ob-
tain an n®P@))_time algorithm, where the Dilworth number D(G) is the minimum
number of chains in such a partition. Thus, TOKEN JUMPING belongs to XP when
parameterised by the Dilworth number.

This graph class is a subclass of permutation graphs, for which the complexity of
these problems remains open, and is incomparable with the class of bipartite permuta-
tion graphs studied by Fox-Epstein et al. (ISAAC, 2015). Our algorithms are based on
the inclusion-chain structure that characterises threshold signed graphs, an algorithmic
approach that may be useful beyond this graph class.

Keywords: independent set reconfiguration; token jumping; token sliding; Dilworth
number; parameterised complexity; threshold signed graphs.

1 Introduction

Reconfiguration problems typically ask whether one valid solution can be transformed into
another via a sequence of elementary steps (see [Nis18] for an introduction). A good example
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is INDEPENDENT SET RECONFIGURATION, which is surprisingly simple to formulate, yet
hides rich combinatorial structure. Among its most widely studied variants are TOKEN
JUMPING and SLIDING TOKEN. Imagine placing tokens on the vertices of a graph so that
they form an independent set I, and then moving one token at a time (along an edge in
SLIDING TOKEN, or to any vertex in TOKEN JUMPING) until reaching another independent
set J of the same size. Throughout the process, the occupied vertices must remain an
independent set; i.e. two tokens cannot be adjacent. The question then is: Can all tokens
on I be placed onto J in this way? More formally, the problem is defined as follows.

INDEPENDENT SET RECONFIGURATION (TOKEN JUMPING and SLIDING TOKEN)

Instance: An undirected graph G and independent sets' I, J C V(G), with |I| = |J| = k.

Question: Does there exist a finite sequence of independent sets Iy, ..., I,, such that I} =
I, I, =J, |;| =k for all i € [m], |[;ALi11| =2 for all i € [m — 1], and, in the
case of SLIDING TOKEN, ;AL = {u,v} € E(G) for all i € [m — 1]7

Although both variants are PSPACE-complete when we know nothing about the input graphs
[HDO05, IDHT11], only a handful of graph classes are known to have enough structure to
admit polynomial-time algorithms. Since the introduction of SLIDING TOKEN by Hearn and
Demaine [HD05] and of TOKEN JUMPING (seemingly independently) by Ito et al. [[DH"11]
and Kamirniski et al. [KMM12], a series of results has gradually expanded this list of tractable
classes to include trees, interval graphs, cographs, and several others (see Table 1 for an
overview?). Nevertheless, positive results remain remarkably scarce. As Bartier, Bousquet,
and Mouawad recently observed in [BBM23]|, “almost no positive result is known for TOKEN
SLIDING [sic]® even for incredibly simple cases like bounded-degree graphs.”

Beyond the theoretical appeal of this problem, some positive results appear to have direct
applications in industrial fields such as robotics; for example, see [ZBA26]|, where Zucker and
Ben-Abu show SLIDING TOKEN is solvable in linear time on Ptolemaic (gem-free chordal)
graphs, which they relate to the hard-core lattice gas model in statistical mechanics.

Our contributions. In this paper, we further contribute to the complexity landscape by
proving that both TOKEN JUMPING and SLIDING TOKEN are solvable in polynomial time on
threshold signed graphs (also known as Dilworth-2 graphs). A graph G = (V| F) is a threshold
signed graph if there exist a mapping a : V' — R and positive real constants S and T such
that |a(v)| < min{S, T} for all v € V and, for any distinct vertices u,v € V, {u,v} € FE if and
only if |a(u) +a(v)| > S or |a(u) —a(v)| > T. Threshold signed graphs have been extensively
studied in the literature since the late 1970s (see, for example, [FH77, BHAW85b, CP14])
and are recognisable in linear time [BHAW85a|. We see two reasons why threshold signed
graphs are a natural class to study.

First, Benzaken et al. [BHAWS85b] showed that they form a strict subclass of permu-
tation graphs. Our result then identifies a new tractable non-trivial subclass, while the
complexity of both problems on general permutation graphs remains open.® Moreover,

"'We use the terms independent set and configuration interchangeably.

2For cacti under SLIDING TOKEN, it was claimed in [AU16] they were solvable in polynomial time, but a
later note by the authors revealed that the algorithm was incorrect [Hoa].

3The exact name of the problem is not standardised in the literature. Variants such as SLIDING TOKEN,
SLIDING TOKENS, and TOKEN SLIDING all appear. We arbitrarily follow the terminology of [DDFE™14],
despite the other reconfiguration problem being named TOKEN JUMPING in our paper.

4The problems are known to be tractable on permutation graphs when k = a(G), where a(G) denotes
the size of a maximum independent set. Aoike et al. showed this for SLIDING TOKEN [AKKO24]; TOKEN
JUMPING follows from their arguments.



Graph Class

JUMPING

SLIDING

Arbitrary PSPACE-c. [IDH™11] PSPACE-c. [HDO5]
Planar PSPACE-c. [IDH" 11, KMM12] | PSPACE-c. [HDO5]
Bounded bandwidth | PSPACE-c. [Wrol8] PSPACE-c. [Wrol§]
Bipartite NP-complete [LM18§] PSPACE-c. |[LM18]
Cypss-free P [KMM12] PSPACE-c. [BKL*21]
Split P (Cox>y-free) PSPACE-c. |[BKL"21]
Trees P (Cog>y-free) P [DDFE*14]
Chordal P (Cox>4-free) PSPACE-c. |[BKL"21]
Claw-free P [BKW14] P [BKW14]
Interval P (Cox>y-free) P [BB17]
Py-tidy Open P [BVP26]
Cacti Open Open
Block P (chordal) P [FP25)
General: Open General: Open
Permutation Cographs: P [Bonl6] Cographs: P [KMM12]
Bipartite: Open Bipartite: P [FEHOU15]
Threshold signed: P [Thm 1] | Threshold signed: P [Thm 3]

Table 1: Known complexities for INDEPENDENT SET RECONFIGURATION across various
graph classes (not exhaustive). Our results contribute towards the open case of permutation
graphs.

while SLIDING TOKEN is known to be solvable in polynomial time on bipartite permutation
graphs [FEHOU15|, they and threshold signed graphs are incomparable: neither contains
the other (apart from K, and Cj, no non-trivial ladder graph is threshold signed”).

And second, threshold signed graphs are precisely the Dilworth-2 graphs, that is, graphs
whose vertex set can be partitioned into two chains ordered by neighbourhood inclusion.
Our algorithms rely almost entirely on this two-chain structure rather than on the nu-
merical threshold representation. Dilworth-1 graphs (threshold graphs) are cographs and
hence already well understood from the perspective of reconfiguration [Bon16|, which makes
Dilworth-2 a natural next step.

To the best of our knowledge, this is the first work on INDEPENDENT SET RECONFIG-
URATION that systematically exploits the Dilworth decomposition of the input graph. We
believe this technique may be useful for studying reconfiguration on other graph classes of
bounded Dilworth number.

Both of our algorithms are based on the same core idea: Given two independent sets [
and J, each algorithm attempts to transform them into a so-called canonical configuration,
where two mutually reachable configurations have the same canonical configuration. The
resulting canonical configurations are then compared: if they are equal, then there exists
a sequence of slides or jumps transforming I into J; otherwise, no such sequence exists.
This is justified by the fact that every valid reconfiguration sequence can be reversed. This
approach has appeared repeatedly in the literature on INDEPENDENT SET RECONFIGURA-

SThreshold signed graphs are (Cy U P,)-free, which ladder graphs are generally not.



Figure 1: A threshold signed graph with a Dilworth-2 decomposition (the top vertices form
one chain, and the bottom ones, the other). In each chain, vertices are ordered left-to-right
by increasing neighbourhood inclusion (dominance toward the right). Note that a Dilworth-2
graph need not be a cograph.

TION. For example, Demaine et al. [DDFE*14] showed that every movable configuration on
a tree can be transformed into a single canonical configuration. Their algorithm therefore
reduces to identifying the tokens that are rigid, that is, unable to move in any valid reconfig-
uration sequence. Other examples include the algorithms for bipartite permutation graphs
[FEHOU15], block graphs [FP25], and Ptolemaic graphs [ZBA26|.

To give a flavour of our algorithm for TOKEN JUMPING, suppose the input graph is
partitioned into two neighbourhood-inclusion chains A and B, as guaranteed by the Dilworth-
2 property. Starting from an independent set I, we first greedily “flush” all tokens on each
chain as far to the left as possible, where the neighbourhood of each vertex is contained in the
neighbourhood of any vertex to its right. We then repeatedly move the rightmost token on
chain B to the leftmost available vertex on chain A, whenever possible, until no further such
move exists. The resulting independent set is the canonical configuration associated with
I. We then repeat the same procedure from J to obtain another canonical configuration,
and reachability between I and J is simply determined by comparing the two: they coincide
if and only if [ and J are reachable from one another. In fact, this comparison reduces
to checking whether the number of tokens in A (or B by symmetry) is the same in both
canonical configurations. We therefore obtain the following result.

Theorem 1. There exists a polynomial-time algorithm to decide TOKEN JUMPING on thresh-
old signed graphs.

Beyond threshold signed graphs, the same structural observations give an XP algorithm for
TOKEN JUMPING parameterised by the Dilworth number. As a consequence, this gives a
polynomial-time algorithm on Dilworth-3 graphs and, more generally, on every graph class
of bounded Dilworth number.

Theorem 2. There exists an n°D-time algorithm to decide TOKEN JUMPING on arbitrary
n-vertex graphs of Dilworth number d.

As one would expect, the situation for SLIDING TOKEN is a tad more delicate, as tokens
cannot just go anywhere and must slide along incident edges. In particular, the “flushing”
procedure as described for TOKEN JUMPING clearly does not work. Fortunately, the same
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high-level idea still holds. We show that, at any point, only a small set of tokens needs to be
considered for sliding, which gives us control over how configurations evolve. This leads to
a simple greedy procedure that first slides tokens from A to B, and then from B back to A,
until a canonical configuration is reached after a polynomial number of steps. This canonical
configuration is determined purely by the exact positions of the tokens. We obtain a second
canonical configuration by repeating the same procedure from J, and, again, reachability is
decided by comparing the two.

Theorem 3. There exists a polynomial-time algorithm to decide SLIDING TOKEN on thresh-
old signed graphs.

Beyond the specific polynomial-time algorithms presented here, we view the main concep-
tual contribution of this work as showing that the Dilworth decomposition of a graph into
neighbourhood-inclusion chains can actually serve as a useful algorithmic tool for INDE-
PENDENT SET RECONFIGURATION. We hope that this perspective will prove useful beyond
threshold signed graphs, particularly for graph classes of bounded Dilworth number for SLID-
ING TOKEN and, more generally, in understanding the algorithmic role of neighbourhood-
inclusion decompositions in graph reconfiguration in general.

Outline. Our paper is organised as follows. Section 2 introduces the notation and def-
initions used throughout the paper. Sections 3 and 4 present our algorithms for TOKEN
JUMPING and SLIDING TOKEN, respectively. Finally, we conclude in Section 5.

2 Preliminaries

Basic notation. We write [n] for {1,2,...,n}. All graphs in this paper are finite, simple,
and undirected. For a graph G = (V| ), we write V(G) and E(G) for its vertex and edge sets,
respectively. We always refer to |V (G)| as n. For a vertex v € V(G), the open neighbourhood
ofvisT'(v) ={u € V(Q) : {u,v} € E(G)}, and the closed neighbourhood is T'[v] = I'(v)U{v}.
The degree of v is |I'(v)|. For sets A, B, we write AAB = (A\ B)U(B\ A) for their symmetric
difference. We refer to the subgraph of G induced on S C V(G) as G[S] = (S, E(G) N (g))

An independent set of G is a set of pairwise non-adjacent vertices. In the context of

reconfiguration, we also refer to independent sets as configurations.

Definition 1 (Threshold signed graph). A graph G = (V, E) is a threshold signed graph if
there exist a mapping a : V' — R and positive real constants S, T > 0 such that |a(v)| <
min{S, T}, for all distinct u,v € V,

{u,v} € E if and only if |a(u)+a(v)] > S or |a(u) —a(v)| > T.
We next introduce a combinatorial characterisation of this class. For vertices u,v € V(G),
we write u < v if ['(u) C T'[v]; here, we say that v dominates u.

Definition 2 (Dilworth-k graph, Dilworth number). A graph G is a Dilworth-k graph if
V(G) can be partitioned into at most k chains, where a chain (vy, ..., v;) satisfies

v; 2V forall 1 << j <t
The minimum such k is the Dilworth number of G, denoted D(G).

Theorem 4 (Benzaken et al. [BHAWS85b|). A graph is threshold signed if and only if it is a
Dilworth-2 graph.

Hence, every threshold signed graph admits a partition of its vertex set into two neighbourhood-
inclusion chains (note that a chain can be empty); in fact, it turns out V(G) = {v : a(v) <
0} U{v:a(v) > 0} is always a valid partition.
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Input. Since such a partition can be computed in polynomial time [BHAW8&5a, Ful56],
we simply assume throughout that it is given as part of the input; vertices with equal
neighbourhoods in a chain can be ordered arbitrarily. We thus write V(G) = AU B, where
A and B are the fixed partitions of the neighbourhood-inclusion chains. For X € {A, B}
and u,v € V(G), we write u <x v if u,v € X and u precedes v in the fixed linear order of
X. In particular, u <x v implies I'(u) C I'[v].}

We then assume the input graph to be labelled with respect to this order, with A =
{ar,a0,... a4} and B = {b1,ba, ..., bip}, where a1 <4 as <4 --- <4 aja) and by <p by <p
-+ <p byp are the fixed orders. By pure abuse of notation, we often refer to these vertex
partitions as chains.

Reconfiguration. We now introduce the reconfiguration terminology. We consider tokens
to be uniquely labelled. Fix k € [n]. A size-k independent set is interpreted as a configuration
of k tokens placed on vertices of G, with no two tokens on adjacent vertices. A reconfiguration
move either (i) moves a token to an unoccupied vertex (TOKEN JUMPING), or (ii) moves a
token along an edge to an unoccupied neighbour (SLIDING TOKEN).

Definition 3 (k-token reconfiguration graph). The k-token reconfiguration graph Ri(G)
has as vertex set all independent sets of G of size k. Two configurations X,Y are adja-
cent in Ri(G) if and only if XAY = {u,v} and moving the token from wu to v is a valid
reconfiguration move under the given rule in the context being used.

Since every move is clearly reversible, observe that reachability in Ry (G) induces an equiv-
alence relation on the set of size-k independent sets. For configurations I and J, we write
I «~ J if they lie in the same connected component of Ry (G), equivalently if one can be
transformed into the other via a finite sequence of valid moves. The reconfiguration compo-
nent of I is defined as

C(I) = {J| T« J}.

In other words, C([) is the set of all independent sets reachable from /. For a configuration
I and a token t on v € I, we say that v is occupied; in addition, v is unoccupied when v ¢ 1.
The token t on v € I is I-movable if there exists a configuration J adjacent to I in Ry (G)
such that ¢ occupies u # v.

3 On TOKEN JUMPING

This section is devoted to the proofs of Theorems 1 and 2. Our algorithm takes advantage
of the fact that neighbourhoods are linearly ordered within each chain of the Dilworth-
2 partition. In particular, tokens in each chain can be moved from right to left without
violating independence (that is, creating adjacencies among tokens), since neighbourhoods
can only decrease along the order. This is a highly useful property since it allows us to
transform any configuration into a canonical form (i.e. a unique representative independent
set in the reconfiguration component) for both I and J by first greedily moving tokens within
each chain, and then transferring tokens between the two chains in a controlled manner.
Reachability is then simply decided by comparing the resulting canonical configurations.

Section-specific terminology. Let G = (V,E) be a threshold signed graph, and let
V(G) = AU B, with a1 <4 as <4 -+ <4 aa and by <p by <p --- <p byp|, be a fixed
partition into two neighbourhood-inclusion chains, as guaranteed by the Dilworth-2 property.

6 Again, vertices that dominate each other are ordered arbitrarily, with this order fixed throughout.



Recall that vertices with equal neighbourhoods are ordered arbitrarily as long as that remains
fixed. We always refer to the number of tokens as k.

For a chain X € {A, B} and an independent set I, let V(X) = |I N X| denote the
number of tokens placed on X. For u,v € X, we say that u is on the left of v when u <x v;
symmetrically, v is on the right of u. A leftward move in a chain X is a token move from
an occupied vertex v € X to an unoccupied vertex u € X satisfying u <x v. A transfer
from a chain X to a chain Y is a token move from the rightmost occupied vertex u € X to
the leftmost unoccupied vertex v € Y not adjacent to a vertex in V(G) \ {u} occupied by a
token.

An independent set is left-normalised if neither chain admits a leftward move of a token.
A left-normalisation of I is the following procedure performed as long as possible: Find any
token on a vertex u in some chain X, and move it to an unoccupied vertex v € X such that
v <x u. Let L(I) be the resulting configuration; clearly, V;(X) = V1 (X) for X € {A, B}.
Let Tp_,4(I) denote the configuration obtained after attempting a single transfer from B to
A from I; such a transfer may not be possible, in which case I = Tg_,4([).

Canonical configuration. We define the canonical configuration can(I) of I as follows:

k—m(I)

m(I) (
can(/) = U {a;} U U {0:}

where m(I) = maxecry Vs(A). In other words, can([/) is the left-normalised configuration
of a reachable configuration that maximises the number of tokens on the vertices of A.

Algorithm. The algorithm is quite easy: Starting from I, compute L(I) by greedily mov-
ing tokens onto vertices on the left of their respective chains, as long as possible (this is the
“flushing” idea). Then, from L([I), as long as possible, perform transfers from B to A. The
resulting configuration can(/) is then the unique canonical configuration of C(I). Repeat the
same procedure from J to obtain can(J), and return “yes” if and only if can(/) = can(J).

Algorithm 1: TOKEN-JUMPING-REACHABILITY

Input: Threshold signed graph G = (V, F) and independent sets I, J.
1 1<+ L(I) > From I, left-normalise.

2 while T ,4(I) # I do

3 L I+ T (1) > Transfer as many tokens from B to A from L(I) as possible.
can(l) « I > We obtain the canonical configuration.
J + L(J) > The same procedure as above goes from J.

while T5,4(J) # J do
L J TB_>A(J)

can(J) < J

9 return can(/) = can(J)

IO~ TN

03]

Proof of correctness. First, we show that the left-normalisation procedure always suc-
cessfully moves all ¢ tokens on a chain to the first ¢ leftmost vertices of that same chain while
preserving independence.

Lemma 1. Let X € {A,B}. If V{(X) =t, then L(I) N X = J'_,{=:}.



Proof. Suppose not; then some vertex x; where 7 < t is unoccupied, while some z; with
J >t is occupied. Since x; <x z;, we have I'(z;) C I'[z;]. Moving the token from z; to
x; therefore preserves independence, since, otherwise, there would exist an occupied vertex
z € I'(z;) such that z ¢ I'[x;], which is impossible. Hence, a leftward move is possible, which
is a contradiction. O]

Observation 1. Let I = L(I) be a left-normalised independent set, then Tp_,a(I) =
L(Tp_a(1)).

Proof. 1f no token can be transferred in I, we then have T, 4(I) = I and the claim clearly
follows as I = L(I), so assume otherwise. Suppose a transfer moves the rightmost token of
B from x onto a vertex v € A such that there exists an unoccupied vertex u <4 v. Since
['(u) C T'[v], moving the token from v to u preserves independence. However, this implies v is
not the leftmost unoccupied vertex z € A not adjacent to an occupied vertex in V(G) \ {z},
a contradiction. ]

In light of Lemma 1, the corollary below follows immediately.
Corollary 1. For any k-vertex independent sets I, J, if Vi(A) = V(A), then L(I) = L(J).

Corollary 1 implies that can(/) is well-defined and unique in each connected component
of the reconfiguration graph. In the following lemma, we show that, after termination of
transfers, we obtain the canonical configuration.

Lemma 2. Let I = L(I) be a left-normalised independent set. If there exists an independent
set J such that I e~ J and V ;(A) > V(A), then Tga(I) # 1.

Proof. Obviously, we have I N B # (). Consider one independent set reachable from I,
say I' € C(I), satisfying V(A) = V;(A) + 1. Such a configuration must exist given that
any path 1,11, I, ..., I, in Ry(G) where I,, = J must include some i € [m] such that
Vi (A) =V(A)+1.

Now consider L(I"). Since we have I e I’ «~s L(I"), it then follows that we have I «w
L(I') by transitivity. By Lemma 1, INA = {a1,as,...,av,a}, INB = {b1,bs, ..., bp—v,(a)}
L(I"NNA = {ai,as,...,av,a)41}, and L(I')NB = {b1,ba, ..., bp_v,(a)-1}. Hence, IAL(I") =
{bk—v,(a), av,(ay41}. Since L(I') is an independent set, Tpa(l) = (I \ {by—v,a)}) U
{av,(a)+1} = L(I"). Therefore, Tp_,4(1) # I and the lemma holds. O

Lemma 3. For a given independent set I, the algorithm correctly computes can(I).

Proof. Suppose, for the sake of contradiction, that the algorithm terminates at I’ immedi-
ately after transfers, even though there exists an independent set J with J «~ I and V ;(A) >
Vi (A).

Since the initial configuration I was first left-normalised and only transfers occurred up
to I'; I' = L(I') by Observation 1. By Lemma 2, the existence of J implies we then have
Tp_a(Il') # I', which contradicts the definition of the algorithm. Thus I’ maximises the
number of tokens on A within C(/). Since we established V/(A) = Vean(r)(A), it remains
to show that I' = can(/). First, observe that can(l/) = L(can(/)) by definition. Since
I' = L(I'), we then have I’ = L(I") = L(can(/)) = can(/) by Corollary 1. O

The correctness of the algorithm follows immediately.



Complexity. Note that the algorithm clearly runs in polynomial time. Indeed, left-
normalisation can be done in O(n) time by counting the tokens in each chain, and each
transfer can be naively implemented to take O(n) time. Since there are at most k transfers,
the total running time is O(nk). We thus obtain the following.

Theorem 1. There exists a polynomial-time algorithm to decide TOKEN JUMPING on thresh-
old signed graphs.

Parameterised complexity. Interestingly, the “flushing” idea extends to graphs of ar-
bitrary Dilworth number. Indeed, once a partition into neighbourhood-inclusion chains is
fixed, a left-normalised configuration is uniquely determined by the number of tokens in each
chain. We therefore represent these configurations by vectors of token counts and construct
a graph whose edges correspond to legal token jumps between them. Since there are at most
(k + 1)¢ such vectors, where d is the number of chains, this graph can be constructed and
its connectivity tested in n°@ time, which gives the following.

Theorem 2. There exists an n°D-time algorithm to decide TOKEN JUMPING on arbitrary
n-vertex graphs of Dilworth number d.

Proof. Let V(G) = Xy U---U X, be a partition into neighbourhood-inclusion chains, where
i1 <x, "+ <X, ¥i|x,|- Such a partition can be computed in polynomial time using, for
example, the algorithm from Fulkerson [Ful56].

Let I,J be independent sets of size k. For any independent set S, define V(S) =
(Vs(Xy),...,Vs(X4)) to be a vector representing the number of tokens in each chain. Ob-
serve that the proof of Lemma 1 not only applies to two chains, but to any number: indeed,
S e~ L(S) and L(S) N X; = {@i1,..., T vg(x,)} for every i € [d]; so we then have that
V(S) = V(5) implies L(S) = L(S").

Now define a graph H; whose vertices are the left-normalised independent sets of size k,
that is, V(Hi) = {L(S) : S € Ri(G)}. Add an edge between two vertices S,S" € V(Hy)
whenever there exist distinct 4, j such that Vg (X;) = Vg(X;) — 1, Vg (X;) = Vs(X;) + 1,
and Vg (X,) = Vg(X,) for every p ¢ {i,j}. In other words, S’ is then obtained from S by
jumping the token at z; v (x,) t0 Tjvg(x;)+1- Thus every edge of Hy is a valid token jump
and, conversely, if S — S’ is a valid token jump, then either L(S) = L(S’), when the jump
stays within one chain, or L(S)L(S") € E(Hg). It clearly follows from this that I «w J if
and only if L(I) and L(J) belong to the same connected component of Hy.

Observe that every vertex of Hy, is uniquely determined by its vector V(.S). To bound the
number of vertices, count that there are at most [J%_, (min{|X;|, k} +1) < (k+1)? candidate
vectors. For each such candidate vector ¢ = (cy,...,cq) with 0 < ¢; < min{|X;|, k} and
S ¢ = k, we test whether U’ {#;1, ..., %i,,} is an independent set, which can be done
in O(n?) time. We then keep precisely those vectors for which this test succeeds. For each
pair of vectors we keep, adjacency in Hj, can be easily checked in O(d) time. Since k < n,
constructing Hy, and testing whether L(I) and L(.J) belong to the same connected component
takes n°@ time. ]

4 On SLIDING TOKEN

For SLIDING TOKEN, moves are more constrained than in TOKEN JUMPING, since a token
may only move along an edge of the graph. As a consequence, the mechanism presented in
the previous section cannot be applied. However, the neighbourhood-inclusion structure of
threshold signed graphs still allows us to define a canonical configuration that will then be
used to decide reachability. Unsurprisingly, the correctness proofs are slightly more involved.
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Section-specific terminology I. Let G = (V| E) be a threshold signed graph, and let
V(G) = AU B be a fixed partition into two neighbourhood-inclusion chains, where a; <4
as <4 -+ <a aa and by <p by <p --- <p byp|. For a chain X € {A, B} and u,v € X, we
say that u is on the left of v when u <x v; symmetrically, v is on the right of u. Denote
by G, the maximal connected component containing v in G and define dg(u,v) to be the
length of a+ shortest path between u and v in G, where dg(u,v) = oo if G, # G,. For a
token occupying a vertex v € I, let GI and M;(v) be defined as:

Gl =@,

v

V(G,) \ U F[u}] and  M;(v) = {u:u € V(G Adgi(u,v) # oo}
uel\{v}

Equivalently, u € M;(v) if and only if there exists a path v = vg, vy, ..., v; = u such that
Pl N (I\{v})=0  forevery 0 <i<t.

In other words, the token on v can be slid onto v without moving any other token. Note that
v € M;(v) and all vertices in M;(v)\ {v} are unoccupied. Furthermore, notice the following,
which follows from the reversibility of moves:

Observation 2. Foru € M;(v), let I, = (I \ {v}) U{u}. Then, My, (u) = M(v).

A left-normalisation of a configuration I consists of repeatedly performing the following as
long as possible: Choose a chain X € {A, B} where |[X NI| > 1 and let v = max.,. (I N X)
be its rightmost occupied vertex. Then, slide the token on v onto v = min.  (M;(v) N X)
along a path v = vy, v1,vg,..., v, = u in G satisfying u <x v and T'[v;] N (1'\ {v}) = 0 for all
i € [t]; i.e. without moving any other token. Such a path exists by the definition of M;(v). If
both chains admit such a move, perform it on A. Let I < (I'\ {v})U{u}, and repeat until no
such move can be performed on either chain. Define L(I) to be the configuration resulting
from the left-normalisation of I. Since the selection of the chain and the destination of each
move are uniquely determined, L([) is well-defined.

For distinct X,Y € {A, B}, a transfer from X to Y of a configuration I, where | X N
I| > 1 and M;(v) NY # 0, consists of sliding the token on v = max., (I N X) onto u =
min,, (M;(v)NY) along a path v = vy, v1,vg, ..., v, = u in G satisfying T'[v;] N (I \ {v}) =0
for all ¢ € [t]. Informally, it consists of sliding the rightmost token of X onto the leftmost
unoccupied vertex in Y reachable without moving any other token. Define Tx .y (I) =
(I \ {v}) U {u} to be the resulting configuration. For convenience, if no such transfer is
possiblein I, let T'x ,y (1) = I. Again, since the destination is uniquely determined, Tx _,y (I)
is well-defined.

Canonical configuration. Assign weights to the vertices by setting w(a;) = 2"~ and
w(b;) = 2/BI=*+1 We define the canonical configuration can(I) as follows:

can(l) = argmax W (J),

TosJ

where W (1) = > ., w(v). Observe that since the weights are powers of 2, distinct configura-
tions have distinct weights, and hence the canonical configuration is unique and well-defined
for each connected component of the reconfiguration graph.
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Algorithm. Starting from S, the algorithm repeatedly performs a full pass as follows.
First, it left-normalises the current configuration. It then performs transfers from A to B as
long as possible, left-normalising after each transfer. Once no further transfer from A to B
is possible, it performs transfers from B to A in the same way, again left-normalising after
each transfer. The algorithm terminates when the configuration at the end of a full pass
is equal to the configuration at its beginning, and returns the resulting configuration. We
prove below that this configuration is can(sS).

Algorithm 2: SLIDING-TOKEN-REACHABILITY
Input: A threshold signed graph G = (V, E') and two independent sets I and J.
1 Function Canonical (.5)

while T4_,5(S) # S do
| S L(Tas(S))

o A w N
nn
T
=
)

7 while T, 4(S) # S do
8 L S <« L(Tp-a(9))

9 until Sstart =S

10 return S

11 can(/) < Canonical(])
12 can(.J) < Canonical(J)
13 return can(/) = can(J)

Proof of correctness. To give a bird’s-eye view before diving into the technicalities, the
proof proceeds in three steps. First, we establish some structural restrictions imposed by the
two neighbourhood-inclusion chains. In particular, only the rightmost token of each chain
can slide, and tokens also preserve their relative order. Second, we show that, between the
beginning and the end of a full loop of Canonical, the tokens are always placed on vertices
whose weights are not lower. As a consequence, every loop that changes the configuration
strictly increases its total weight computed by W. Finally, we prove that a configuration left
unchanged by a full loop must be canonical. Indeed, this can be shown by contradiction:
Suppose otherwise, and consider a reconfiguration sequence to a configuration of larger total
weight. Relative to the starting configuration, consider the first move that places a token
on a vertex of strictly greater weight than its initial vertex. We show that the existence of
such a move implies that a full loop of Canonical would change the starting configuration,
contradicting our assumption.

In what follows, we show that in any configuration, only the rightmost token of a chain
can be slid, and when a token is slid onto another chain, it becomes its rightmost token.

Lemma 4. Let I,I' be adjacent configurations in Ry(G), and write I \ I' = {v}. Ifv e X,
where X € {A, B}, then v = max, (I NX).

Proof. Let I' \ I = {u}. Since the move is a token slide, u € I'(v). Suppose there exists
w € INX with v <y w. Then I'(v) C I'[w], so u € T'[w]. Since u ¢ I, we have u # w, and
hence {u,w} € E(G). But we then have u,w € I’, which is a contradiction given that I’ is
an independent set. O
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Corollary 2. Let I, 1" be adjacent configurations in Ri(G), and write I'\I = {u}. Ifu € X,
where X € {A, B}, then u = max. (I’ N X).

Proof. Simply apply Lemma 4 to the reverse slide from I’ to I. [

As previously mentioned, the above observation reveals an elegant invariant: At any point
in the reconfiguration, only the rightmost token of each chain can be moved. Furthermore,
after a token is transferred into a chain, that token becomes the unique movable token in
its new chain. Thus, the set of possible token slides is highly constrained. In particular, the
vertices admit a natural linear order given by ay, as, ..., a4}, b B}, bB—1, ..., b1, under which
at most two tokens are movable at any time and no token can overtake another token within
this order.” Observe that, beyond threshold signed graphs, this property is true for any
arbitrary graph H: for any configuration of H, only at most D(H) tokens are movable, and
these tokens are always the rightmost of their respective chain. We will come back to this
observation in the conclusion.

In the proofs that follow, we show that moving a token to the right within its chain
cannot enable a slide of another token that was previously impossible.

Lemma 5. Let I; be an independent set, and let u € I and v & I, belong to the same chain
with u <x v. Suppose that Iy = (I \ {u}) U{v} is independent. Then

My, (z) € Mp,(x) for every x € I \ {u}.

Proof. Fix v € I \ {u} (v € I since [;Al, = {u,v}) and y € My, (x). By definition, there
exists a path x = vg,v1,...,v; = y such that for all i € [¢], T[v;] N (Iy \ {z}) = 0. Call that
path P. Since v € I, we have w ¢ P for all w € I'[v]. Furthermore, I'(u) C I'[v] by u <x v,
hence w ¢ P for all w € I'(u). We also have u ¢ P since u # max. (I N X) by Corollary 2;
otherwise, since x # u, some slide along P would enter v while v remains occupied. As
u <x v, this contradicts Corollary 2. Therefore, since I1 AT, = {u, v}, T{w] N (I3 \ {z}) =0
for all w € P, thus y € My, (z) and the lemma follows. O

Lemma 6. Let I be an independent set, let X,Y € {A, B} be distinct chains, and let
v =max, (I NX). Suppose that M(v) NY # 0, and put uw = min., (M;(v)NY). For any
w e Mi(v)NY, define I, = (I \ {v}) U{u} and I, = (I \ {v}) U{w}. Then

My, (x) € Mg, (x) for every x € I\ {v}.

Proof. Both I, and I, are independent by the definition of M;(v). If u = w, there is
nothing to prove. Otherwise, u <y w, and the claim follows from Lemma 5, since I, =

(Zu \ {u}) U {w}. O

The previous claims motivate the two operations used by our algorithm: left-normalisation
and transfers between chains. Moving a token further to the left within its chain cannot
reduce the reachable set of any other token while the remaining tokens are fixed. Similarly,
when moving a token from one chain to another while keeping all other tokens fixed, choosing
the leftmost reachable destination preserves every single-token movement available to the
other tokens after any alternative choice of destination on that same chain.

"More generally, for any incomparability graph, sliding a token preserves the relative order of tokens in
any fixed linear extension of a poset representing the graph.
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Section-specific terminology II. To analyse the algorithm, we introduce the following
terminology. We write ;(.5) for the vertex occupied by token i in S. An A — B half-pass
repeatedly performs a transfer from A to B, followed immediately by left-normalisation,
until no further such transfer is possible. Thus, each successful step replaces the current
configuration S by L(T4-p(S)). A B— A half-pass is defined symmetrically. A pass first
left-normalises the current configuration, then performs an A — B half-pass followed by a
B — Ahalf-pass. Define P(I) and Hx_,y(I) to be the configurations resulting from a pass and
an X —Y half-pass starting from I, respectively. An execution sequence of a pass or half-pass
from I is the sequence I = Iy, I1, . .., I, obtained by recording the initial configuration and the
configuration after each completed left-normalisation or transfer. Intermediate configurations
along the slide paths which implement these operations are omitted; that is, we have I; =
Tx_y(li—1) or I; = L(I;_y) for X € {A, B} and all i € [r]. The final configuration is P([)
or Hx_,y(I), respectively. A token occupying v € I is [-exposed if v = max., (I N X) for
X € {A,B}. A pass or half-pass ezposes a token if that token is exposed in at least one
configuration of its execution sequence.

Fix a reference configuration I and label each token by the vertex it occupies in I. A
token initially at x € I is improved relative to I in a configuration I’ if its position y in I’
satisfies w(y) > w(zx). Equivalently, either x,y belong to the same chain X and y <x x, or
x € Band y € A. A configuration I’ is I-improving if at least one token is improved relative
to I.

In the next lemma, we formally establish the easy observation that moving a token as
far to the left in another chain always maximises the weight of the current configuration.

Lemma 7. Let I be an independent set and let X, Y € {A, B} be distinct. Suppose INX # (),
and put v =max., (I NX). If M;(v)NY # 0, then, for every u € M;(v)NY,

W(Tx—y (1)) = W((I\ {v}) U{u}),
with equality if and only if u = min. . (M;(v) NY).

Proof. Let z = min.,. (M (v) NY). Since vertex weights strictly decrease along Y, w(z)
w(u), with equality if and only if z = u. Consequently, W (T_y (I)) = W(I)—w(v)+w(z)
W(I)—w(v) + w(u), so the lemma holds.

>
>

U

Our next lemma shows that the set of vertices reachable by an exposed token, with all other
tokens fixed, is actually only determined by at most two other tokens: the token immediately
to its left in its chain and the rightmost token of the other chain, when they exist. Moreover,
if these two neighbouring tokens occupy vertices no farther right in their respective chains in
another independent set, while keeping the exposed token at the same vertex, its reachable
set still cannot decrease. This property will come in handy in the proof of Theorem 5 to
show that the successive slides of a token in a hypothetical reconfiguration sequence remain
possible with the other tokens fixed at their positions in a particular configuration of the
pass.

Lemma 8. Let I,1I' be independent sets and let X,Y € {A, B} be distinct. Suppose that,
for each S € {I,I'}, |SNX|>2,|SNY|>1, and v = max., (SNX). Let | = max., ((I\
{vh) N X), r =max., (I NY), I' = max.,.((I"\ {v}) N X), and ' = max_,(I'NY). If
I'<xlandr <y r, then M(v) C Mp(v).

Proof. Let J = {v,l,r} and J' = {v,l',r'}. For every z € I\ J, either I'(z) C T'[] or
I'(z) € I'[r]. Thus M;(v) contains no neighbour of z and cannot contain z itself, since
z # v, z <x w for some X € {A, B} and w € {l,r}, which contradicts Corollary 2. Hence
M;(v) = M;y(v). Similarly, Mp(v) = My/(v). Applying Lemma 5 first to I’ <x [ and then
to r’ <y r gives M;(v) C M /(v), and the claim holds. O
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Lemma 8 also holds when INX =I'NX ={v}or INY =I'NY = . In these cases, omit
[,I' or r,r', respectively, together with the corresponding inequality. This does not affect the
proof.

Lemma 9. Let I' = P(I). For each u € I, let v € I' be the vertex occupied by the token
matially at w. Then:

o [fue A, thenv e A and v <4 u.
e [fu € B, then eitherv € A, orv e B and v <p u.
Here, v <x u means v =u or v <x u.

Proof. Label the tokens 1,...,k according to their order on ay,...,a4,bp,...,b1. By
Lemma 4 and Corollary 2, this order is invariant. Let m = |I N A|, and suppose that
H,,p(L(I)) transfers tokens m,...,¢ + 1. For { < i < m, let d; be the vertex occupied
by token ¢ immediately before its transfer; thus d; <4 m;(I). Set Dy = Hap(L(I)) and
D, = (Lo Tp,4)U(Dy)." Let Sp,...,S, be the execution sequence of Hu,5(L(I)). For
¢ <t < m, define hy = max{h € {0,...,r} : 7(Sy) € A} and C; = S},. In other words,
C; is the last configuration of the sequence where token ¢ occupies a vertex in A; thus, we
have m;(C}) = d;. We prove by induction on ¢ =0, ..., m — ¢ that |[D,N A| = £+ ¢ and that
7;(Dy) € A and 7j(D,) <4 d; for every { < j < {+ q. For ¢ = 0, there is nothing to prove
since the equality follows by definition and the condition on j is vacuous anyway. If m =/,
we are done. So consider ¢ = 1 and let £ = T4, 5(Coi1).

By reversibility, we get dyy1 € Mg(m1(E)). Since this is the last A — B transfer,
Dy = L(FE). During this left-normalisation, only tokens ¢ (if £ > 0) and ¢ + 1 can change
position. If £ > 0, a leftward move of token ¢ onto z <4 m,(E) preserves dy.1 € Mg(mp1(5))
for S = (E\ {m(E)}) U{z} by Lemma 5. A leftward move of token ¢ + 1 also preserves
it: for arbitrary S C V(G), if 8" = (S\ {z}) U {y} with x = 7,41(S) and y € Mg(x),
then clearly Mg/ (y) = Mgs(z) by Observation 2. Consequently, dy1 € Mp,(me+1(Do)). Thus
Tpa(Dy) # Do, |DiNA| =0+1, and mp1(D1) <a dgg1.

Now let 1 < ¢ < m—/, assume the claim for ¢—1, and write i = (+q. Let E = T4, 5(C;),
F = Ci—y, and R = Tp,a(Dy—2); thus D,y = L(R). By reversibility, d; € Mg(m(E)).
Between E and F', only left-normalisation is performed. As in the case ¢ = 1, Lemma 5
and Observation 2 therefore give d; € Mp(m;(F)). Between F' and R, token i is unchanged:
after the transfer of token ¢ — 1 to B, token i is not exposed until token ¢ — 1 occupies a
vertex in A. Hence 7;(R) = m;(F). Moreover, m;_1(F') = d;_ and, by the previous induction
step, we have m;_1(R) < d;_1. If i < k, token 7 + 1 is unchanged between F' and R, so
Tit1(R) = mip1(F). In both F' and R, token i—1 is rightmost in A and token i+ 1, if present,
is the rightmost token of B other than token . Lemma 8 then gives Mp(m;(F)) C Mg(m;(R)).
Thus d; € Mg(mi(R)). Applying Lemma 5 and Observation 2 for D,y = L(R) gives
di € Mp,_,(mi(Dg-1)). Therefore Tg_a(Dy—1) # D41 and 7;(Tpa(Dy-1)) <a d;. After
left-normalisation, |D, N A| = ¢ + ¢ and m;(D,) <4 d;. For ¢ < j < i, we also have
7;(Dq) <a m;(Dy—1) <a d;, which completes our induction.

Finally, now that we have established that a token occupying a vertex v € A at I occupies
a vertex u € A such that u <4 v at P(I), it suffices to show that a token occupying a vertex
v € B at I which occupies a vertex u € B at P(I) satisfies u <p v. In fact, observe that
such a token (call it t) can only be moved by left-normalisation. Indeed, otherwise a B— A
half-pass would have placed token ¢ onto A, and m,(P(I)) € A, a contradiction. By definition
of left-normalisation, the claim holds, which completes the proof. O

8We write f4(x) = (fo fo---o f)(x).

q times
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Notice that the proof of Lemma 9 establishes the following stronger property: For every token
initially in A, the subsequence of vertices of A occupied by that token during the execution
sequence of the pass is non-increasing with respect to <,. Likewise, for every token initially
in B, the subsequence of vertices of B occupied by that token is non-increasing with respect
to <p. And lastly, once such a token is transferred to A, it does not return to B during the
same pass. More formally:

Corollary 3. Let I = Ay, Aq,..., A, = P(I) be the execution sequence of a pass. If P(I) =
I, then L(I) = I and, for everyi € [k|, ¢ € {0,...,r}, and X € {A, B}, mi(I),m(A,) € X
implies m;(Ag) = mi(1).

Corollary 4. Let I' = P(I). Then W(I') > W(I), with equality if and only if I' = I.

The corollary above and the invariant relative order of the tokens further lead us to the
following crucial lemma.

Lemma 10. Let I, J be independent sets of size k, with tokens labelled in their relative order.
IfW(J) > W(I), then at least one of the following holds:

1. There exist i € [k] and X € {A, B} such that m;(I), m;(J) € X and m;(J) <x m;(I).
2. There exists i € [k] such that m;(I) € B and m;(J) € A.

Proof. 1f neither holds, then w(m;(J)) < w(m;(I)) all ¢ € [k], which contradicts W (J) >
W(I). O

We are now finally ready to prove that our algorithm correctly computes the canonical
configuration of an arbitrary configuration.

Lemma 11. Let I # can(I), and let I = Sy, Sy,...,S, = can(l) be any reconfiguration
sequence. Let h = min{a : S, is I-improving}, and let t be the token moved by Sp_1 — Sh.
If m(I) € X, where X € {A, B}, then the execution sequence of the pass from I contains a
configuration D such that (D) = max., (D N X), that is, token t is D-exposed in X.

Proof. As usual, label the tokens 1, ...,k according to their order on ay, ..., a4}, bp|, ..., b1.
If m(I) € B, no token initially in B enters A before S;,_; — S}, since such a move would
be I-improving by definition. Therefore, token t is I-exposed in B and the claim trivially
follows. So suppose we have m;(I) € A instead and consider the following claim.

Claim 1. Let ny = |[INA| and Ds = (Lo Tap)*(L(I)). For 0 < s < ns —t, we have
|Ds N A| = na — s and, for every na —s < p <k and 0 < a < h, m,(S,) € B implies
Tp(Ds) <p mp(Sa)-

Proof. We prove this by induction on s = 0,1,...,n4 —t. Write a, = m,(I). For s = 0,
|Do N Al = na and m,(Dy) <p a, for p > ny. Since no configuration S, with a < h is
I-improving, m,(S,) € B implies a, <p m,(S,). Thus the invariant holds for s = 0. Now,
suppose it holds for s <n4 —t, and let j = ny —s. Token j is D,-exposed in A. Before first
becoming exposed during the half-pass, it stays at a;; subsequent leftward moves preserve
a; € Mp,(m;j(D,)) by Lemma 5 and Observation 2. Whenever token j slides in Sy, ..., Sh_1,
token j — 1 belongs to A and satisfies m;_1(Dy) = a;—1 <4 mj_1(S,). Token j + 1 belongs to
B and satisfies 7;41(Ds) <p m;+1(S,) by the induction hypothesis.

Starting from a; € Mp, (7;(D;)), let us step aside for a moment and prove by induction
on 0 < a < h that m;(S,) € Mp,(7;(D;s)). The base case is trivial since we already have
7;(So) = a; by definition. For the induction step, suppose a + 1 < h. If the slide S, = S,41
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does not move token j, the claim is unchanged; otherwise, let Q, = (Ds \ {m;(D;)}) U
{m;(S.)}. By the induction hypothesis, @, is an independent set, and Observation 2 gives
Mg, (7i(S.)) = Mp,(mj(Ds)). Since token j slides, it is S,-exposed. The inequalities we
established above imply that it is also (),-exposed and that Lemma 8 applies, which gives
us Mg, (m;(S.)) € Mg, (mj(Sa)). Since S, — Sgy1 slides token j, we have 7;(S,4+1) €
Mg, (7i(S,)). Thus 7;(Set1) € Mp, (m;(Ds)), which completes the nested induction.

Now back to our original claim, note that absent neighbouring tokens (i.e. j —1 =10 or
j+1=Fk+1) do not affect the argument in any way, so they can be safely omitted. Since
m(I) € A and token t is improved in S}, relative to I, we have m(S,) € A. By Corollary 2,
token ¢ is Sy-exposed in A. Hence, for every j > ¢, m;(Sy_1) = m;(S,) € B. Consequently,
Ta—5(Ds) # Ds, which gives, by its definition (as well as the left-normalisation) 7;(Ds11) <p
7;(S,) whenever a < h and 7;(S,) € B. Tokens p > j remain fixed during this transfer and
the subsequent left-normalisation, since they are not T4, p(Ds)-exposed. Hence we have
|Dsy1NA| =na—s—1 and all required inequalities hold, which completes our induction. [

Finally, the lemma follows from Claim 1 by taking s = n4 —t, which completes the proof. []
Theorem 5. If [ = P(I), then I = can([).

Proof. For the sake of contradiction, suppose that I = P(I) but I # can(I). Consider
a reconfiguration sequence I = Sy, Si,...,S, = can(/), with tokens labelled according to
their order on as,...,aa;,bp,...,b1. Since W(can(l)) > W([/), Lemma 10 implies that
h = min{j : S; is [-improving} exists. Let E = S,_; and F' = Sy, and write E'\ F' = {u}
and F'\ £ = {v}. Let ¢ be the token moved by £ — F. Then m(F) = u, m(F) = v, and
w(v) > w(m(l)), whereas w(m;(S;)) < w(m;(I)) for every token j and every 0 < s < h. Let
a=m(l) and ny = |I N A|. We now distinguish three cases.

Case 1: a,v € A and v <4 a. By Lemma 11 and Claim 1, token ¢ is D = (L o
Ta_p)"A '(I)-exposed in A. By P(I) = I, Corollary 3 and Lemma 9, 7,;(D) = a; moreover,
L(D) = D. We prove m(Ss) € Mp(a) by induction on s = 0, ..., h. This is obviously true
for s = 0 by not moving the token at all. Now suppose it holds for s — 1. If the slide
moves a token other than ¢, then m(S;) = m/(Ss_1) € Mp(a) by induction. Otherwise, let
x=m(Ss-1), y = m(Ss), and Q@ = (D \ {a})U{z}. By induction and Observation 2, @ is an
independent set and Mg(x) = Mp(a). Since token ¢ slides, token t —1, if 1 < ¢— 1, occupies
a vertex in A at Ss_; and satisfies my_1 (D) = my_1(I) <a m_1(Ss—1). Token t+1,ift+1 < k,
occupies a vertex in B and satisfies m41(D) <p m;11(Ss—1) by Claim 1. Lemma 4 and those
inequalities imply that token ¢ is @Q-exposed. Lemma 8 (with absent neighbouring tokens
omitted if it applies) therefore gives us Mg, ,(xz) C Mg(z). Since y € Mg, ,(x), we obtain
y € Mg(x) = Mp(a), which completes our induction. We hence have v = m(S),) € Mp(a),
but since we also have v <4 a, this contradicts L(D) = D.

Case 2: a € B and v € A. Since no token initially in B enters A before £ — F', the
invariant token order gives t = ny + 1. Whenever token t slides before or at £ — F', every
token j < t belongs to A and satisfies m;(I) <4 m;(Ss—1), while every token j > ¢ belongs
to B and satisfies m;(I) <p m;(Ss_1). The induction from Case 1, with D = I instead,
therefore gives v € Mj(a). Since P(I) = I, Lemma 9 and Corollary 3 imply that after all
tokens transferred from A have returned and left-normalisation is complete, the configuration
is I. But v € M;(a) N A implies T, 4(I) # I. Thus token ¢ is transferred to A and remains
there until the end of the pass, which contradicts P(I) = I.

Case 3: a,v € B and v <g a. Asin Case 2,t =ny + 1 and v € M;(a). Thus token ¢ is
I-exposed in B and v € M/(a), contradicting L(I) = 1. O

The correctness of the algorithm follows effortlessly. Let us now discuss the time complexity.
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Complexity. For a configuration S and v € S, the set Mg(v) can be computed in O(n?)
time by deleting |, S\{v} ['[u] and computing the connected component containing v. During
a left-normalisation, only the rightmost token of each chain can change position, and these
two tokens remain rightmost before and after each operation. Each completed leftward
move strictly decreases the position of one of them. Hence a left-normalisation requires
O(n) reachable-set computations and takes O(n?) time. Each half-pass contains at most k
transfers, so a full pass takes O(kn?) time.

To bound the number of passes, define p(a;) = n —i+ 1, p(b;) = |B| —j + 1, and
®(S) = s p(v). By Lemma 9, ®(P(S)) > ®(S) 4 1 whenever P(S) # S. Since ® is an
integer between k and kn, there are O(kn) passes that change the configuration, followed by
one pass that leaves it unchanged, which is canonical by Theorem 5. So Canonical runs in
O(k*n*) time, assuming, of course, that we are given the ordered chain partition (which can
be computed in polynomial time regardless [Ful56]). We then get the result below.

Theorem 3. There exists a polynomial-time algorithm to decide SLIDING TOKEN on thresh-
old signed graphs.

Parameterised complexity. It remains elusive for now whether SLIDING TOKEN has an
XP algorithm parameterised by the Dilworth number. The vector of token counts in chains
we used for TOKEN JUMPING does not extend directly because, under SLIDING TOKEN,
left-normalising two configurations with the same number of tokens in each chain need not
produce the same configuration. So chain counts alone do not determine a normalised
configuration. We leave this question for future work.

5 Concluding Remarks

We introduced a new perspective on INDEPENDENT SET RECONFIGURATION by exploiting
the neighbourhood-inclusion chains of a graph. This led us to polynomial-time algorithms for
both TOKEN JUMPING and SLIDING TOKEN, which resolves these problems for a non-trivial
subclass of permutation graphs.

Our results raise several natural questions. The most immediate one is whether the chain
decomposition used here can be turned into a more general algorithmic framework.

Question 1. Are TOKEN JUMPING and SLIDING TOKEN fized-parameter tractable param-
eterised by the Dilworth number D(G)? That is, does each problem admit an algorithm
running in f(D(G))n®Y time for some computable function f?

On the other hand, it is conceivable that SLIDING TOKEN turns out to be PSPACE-complete
already on graphs with Dilworth number three. For broader classes of permutation graphs,
it is unclear whether similar ordering-based arguments can capture the structure of their
reconfiguration graphs. For SLIDING TOKEN, we observed in Section 4 that only the right-
most token of each chain can move at any time (which, by the way, extends to any number
of chains). This suggests viewing the problem as a reconfiguration “puzzle” on stacks, where
only the top element of each stack is accessible.

Another natural question concerns the length of the sequences produced by our algorithm.
Although canonicalisation allows us to decide reachability, a sequence passing through the
canonical configuration may not be shortest.

Question 2. Given two independent sets of a threshold signed graph that are reachable from
one another under SLIDING TOKEN, can a shortest reconfiguration sequence between them
be computed in polynomial time?
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It would also be interesting to substantially improve the daunting O(k?n*) running time of
our SLIDING TOKEN algorithm. But more generally, we ask whether decompositions of per-
mutation graphs into neighbourhood-inclusion chains can reveal nice algorithmic structure.
Such decompositions may provide a route towards resolving the conjecture of Brianski et
al. [BFHM21] that SLIDING TOKEN is tractable on permutation graphs. Our work suggests
that understanding which properties of these decompositions allow efficient reconfiguration
algorithms is a promising direction for further research.
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